Event Horizon Telescope is on the verge to capture the first ever image of the black hole shadow with an impressive resolution up to the event horizon scale. Shadow is believed to provide a potential way to understand the black hole properties and nearby matter dynamics. Considering a shadow of any general shape and size, we present observables which completely depends upon the shadow geometry. Based on these observables we characterize various black hole shadows and also estimate black hole parameters.
I. INTRODUCTION
Black holes have always been mysterious objects since their discovery, however, despite ample observational evidence of their existence still, we do not have a real image of these objects. It is generally believed that probing the immediate environment of a black hole will not only provide an image of these object and the dynamics of nearby matters but also assist to learn about the strong gravity effects near the horizon. In this quest, the Event Horizon Telescope (EHT) [1] come as an important and potential prospect, which is a network of radio telescopes across the globe; based on the Very Long Baseline Interferometry (VLBI) technique this network works as an effective Earth-sized telescope and concerning the shadow of black hole candidate Sgr A* at the center of Milky-Way galaxy and also at the center of nearby M87 galaxy. The EHT is likely to reach an impressive angular resolution of 10µas in mm and sub-mm wavelengths, sufficient to resolve the horizon structure of black hole, the result from EHT observations are highly awaited and expected to be announced very soon. In principle, shadow observational results can also be used to predict the exact nature of astrophysical black holes, and in turn, they could also be used to place constraints on modified gravity theories which also admit the black hole solutions.
Analyzing the propagation of light around a black hole is phenomenologically very important to unveil the near horizon spacetime properties. The strong gravitational field around black hole forces photons to move in circular orbits. In subsequent studies it is found that these unstable circular orbits have a very important influence on quasinormal modes [2, 3] , gravitational lensing [4] and black hole shadow. Black hole shadow is a prominent feature of the strong gravitational field around black hole. A black hole due to its defining property i.e., the event horizon, along with surrounded photon region is expected to cast a dark region over an observer bright sky, which is known as the shadow. Synge [5] and Luminet initiated the study of black hole shadow by discussing the shadow cast by a Schwarzschild black hole, thereafter, Bardeen [6] in his pioneering work studied the shadow of Kerr black hole. Since then shadow has been extensively studied in the literature. In particular, over a past decade a flurry of activities in the analytical investigation, observational studies and numerical simulation of shadows have been reported.
Even though the no-hair theorem encapsulate that the Kerr black hole is the unique stationary vacuum solution of Einstein field equation, still the exact Kerr nature of astrophysical black hole has not been confirmed. Having this assertion that the astrophysical black holes may show deviation from the exact Kerr black hole [7, 8] , numerous Kerr deviated black hole solutions have been obtained namely, with non-linear electrodynamics as a source, in higher dimension, in modified theories, etc. These black hole cast variety of shadows which have been studied numerically and analytically, e.g., Kerr-Newman black hole [9] , black holes in extended Chern-Simons modified gravity [10] , Kaluza-Klein rotating dilaton black hole [11] , Kerr-Taub-NUT black hole, rotating braneworld black hole, regular black hole [12, 13, 50] , black hole in higher dimensions [15] [16] [17] [18] . Recently, the study of shadow is also extended to the wormhole spacetime [19] [20] [21] [22] . Developing some methodological ways to estimate the parameters of astrophysical black hole candidates is one of the contemporary challenges in astronomy. The possibility of extracting some information about black holes from imaging their shadow, increase the relevance of shadow study. In this commencement, Hioki and Maeda discussed numerical estimation of Kerr black hole spin and inclination angle from the shadow observables [23] , which is extended to analytical estimation by Tsupko in Ref. [24] . These observables namely, shadow radius and distortion parameter, were extensively used in the characterization of dozens of black holes shadow. However, it is found that the distortion parameter is degenerate with respect to the spin and possible deviations from the Kerr solution, a method for discriminating the Kerr black hole shadow from other rotating black holes shadows also has been reported [25] . Later on, some other possible ways of shadow characterization were also reported. An analytic description of distortion parameters of shadow is discussed in the coordinate independent manner in Ref. [26] . This is very legitimate to study the shadow observables of any general shape.
In this paper, we discuss the shadow observables and their applicability in determining the black hole parameters. We emphasis on the characterization of various black hole shadows of arbitrary shape and size. The proposed observables do not presume any non-trivial symmetries in shadow and can be used without knowing the other features of shadows. Indeed, these observables completely depends upon the geometry of shadow and for the characterization of its distortion, it is no longer required to compare them with reference circle. We examine several known black hole shadows and show that these observables provides an accurate and robust determination of black hole parameters.
The paper is organized as follow. In Sec. II, we discuss the propagation of light in rotating black hole spacetime. Further, in Sec.III, we present the shadow observables for its charac-terization and examine them for some known black hole shadow. In Sec. IV, we summarize our main results.
II. PHOTONS ORBITS AROUND BLACK HOLE AND SHADOW
The Carter's prescription of the separability of the Hamilton-Jacobi equation [27] is adopted to study the complete geodesic motion, which with Jacobean action S = S(τ, x µ ) and a metric tensor g αβ can be read as
where τ is affine parameter. A test particle (of rest mass m 0 ) moving in a general stationary, axially symmetric and asymptotically flat spacetime exhibits two conserved quantities energy E and angular momentum L associated with ∂ t and ∂ φ Killing vector fields. Apart from these, the four velocity norm is also conserved. This assist to write the Jacobi action in the separable form as follow [28] 
The existence of spacetime symmetries in terms of conserved quantities allows the geodesics equations to be simplified in terms of first order differential form. Accordingly, with the choice of action in Eq. (2) and for a general Kerr-like metric in Boyer-Lindqiust coordinate, upon solving the Hamilton-Jacobi equation for null geodesics (m 0 = 0) one can deduce the complete set of equations of motion [28] 
the expressions for R(r) and Θ(θ) in Eq. (4) and (5) have the form
Here, m(r) is the mass function such that lim r→∞ m(r) = M and a is the spin parameter defined as a = J/M, with J and M are, respectively, the angular momentum and ADM mass of general rotating black hole. The presence of constants of motion E and L are not sufficient for the complete integrable solution of geodesic equations, until the finding of new conserved quantity Q associated with the hidden symmetry of conformal Killing tensor, which is related to the Carter integral of motion
Conclusively, this leads to a set of four constant of motion for particle geodesics. We can minimize the number of parameters by defining two dimensionless impact parameters η and ξ as ξ = L/E and η = K/E 2 , both remains constant along each and individual geodesic. Due to spacetime symmetries, geodesics along t and φ do not reveals non-trivial feature of orbits, therefore we will be mainly concerned for Eqs. (4) and (5). Equation (5) along with (8) give some measure of insight about the θ-motion. Writing the integral equation of motion in term of µ
Here, we identify µ = cos θ and obviously η ≥ 0 is must for possible θ motion i.e., Θ µ ≥ 0 (cf. Fig. 1 ). In the Schwarzschild black hole, due to the Spherical symmetry all null geodesic orbits are planner i.e., orbits withθ = 0. However, in Kerr black hole, the frame dragging may leads to non-planer orbits as well. Indeed, planer (or circular) orbits in Kerr black hole are possible only in the equatorial plane and characterized with zero Carter constant i.e., orbits at θ = π/2 ⇒ K = 0. Furthermore, generic bound orbits at plane other than θ = π/2 are non-planer (θ = 0) and cross the equatorial plane while oscillating symmetrically about it. These orbits are identified by K > 0 (or η > 0) and commonly known as spherical orbits.
Therefore, the θ−motion is freeze only for photons in the equatorial plane. Equation (9) reveals that latitude of orbits depends upon the angular momentum of photons, i.e., smaller the angular momentum of photons larger the latitude of orbits. The spherical orbits can have maximum latitude θ max = cos −1 (µ max ) for a non-zero angular momentum, where µ max correspond to the solution of Θ µ = 0 for µ. In particular, only photon with zero angular momentum (ξ = 0) can reach the polar plane of black hole (θ = 0, µ = 1) and cover the entire span of θ coordinate.
To get an insight about radial motion of photons Eqs. (4) and (7) can be rewritten in terms of η and ξ as
Depending upon the values of impact parameters η and ξ, photon's orbits can be classified in three categories namely scattering, unstable spherical orbits, and plunging orbits; among all the unstable orbits play crucial role in determining the optical appearance of black holes.
The unstable spherical photon orbit of constant radius (r p ) can be easily found by demanding the local maximum of effective potential, which is mathematically equivalent to
with
Solving Eq. (11) yield the critical locus (η, ξ) associated with these unstable orbits.
These orbits are unstable in any radial perturbation and forcing photons to either plunge into black hole or scatter to the spatial infinity.
A photon's orbit around non-rotating black holes is at a fixed radial coordinate (r p = 3M
for Schwarzschild black hole) and lies on a spherical photon sphere. Such that, a photon if radially crosses the photon sphere boundary will inexorably falls into the event horizon
forming the dark region. For a rotating black hole photons moving on circular orbits on the equatorial plane can have rotation either along black hole or against it. The radii r inside the Cauchy horizon (r − ) and outside the event horizon (r + ), however, for shadow study we will be only focusing on the later one with r p > r + [29] . On the other hand, the critical impact parameter ξ is a monotonically decreasing function of r p with ξ(r
the angular momentum of photons is zero, still they cross the equatorial plane with non-zero azimuthal velocityφ = 0. Detailed discussion about geodesic around rotating black holes can be found in [28, 30, 31] .
In principle, a black hole in the presence of a luminous background of stars or glowing accreting matter, is believed to appears as a dark spot, accounting for the photons which are unable to reach the observer, this dark region is popularly known as black hole shadow.
Following ray tracing method, we propagate light rays emanating from observer backward in time and locate their origins. Accordingly, those photons which scattered to infinity after passing to a minimum distance to black hole are causing brightness on the observer sky. On the other hand, photons which plunge directly into the black hole create a deficit of photon and essentially form a dark region in observer sky. In the borderline case, photons follow the geodesics which form bound unstable orbits and locus of these photons form the shadow silhouette. A far distant observer perceive shadow as a projection of locus of points η and ξ on celestial sphere to a two-dimensional plane. Let α and β are celestial coordinates, which are related with the η and ξ as follow [23] .
where r s is the distance between the black hole and far distant observer. However, as long as the black hole spacetime is asymptotically flat, we can consider a static observer at abritrary large distance. Setting the inclination angle to θ 0 = π/2 as to witness the maximum distortion in shadow,
Though, the shape of black hole shadow is determined by the properties of null geodesics, but it is neither the Euclidean image of its horizon nor of its photon sphere, rather it is the gravitationally lensed image of region inside photon sphere. For instance, Sgr A* with
kpc span an angular size of 20µas whereas its shadow has an angular size of ≈ 53µas.
III. NEW OBSERVABLES
The black hole shadow which is a manifestation of strong gravity field around black hole and appears as an optical appearance, can be used to unveil some information of astrophysical relevance about them. In this section, we will discuss about the shadow observables and their potency to determine the black hole parameters. The shape and size of black hole shadow depends upon the black hole spacetime parameters and also upon the observer's position and orientation. A non-rotating black hole cast a perfectly circular shadow, whereas, a general rotating black hole shadow silhouette appears as a distorted circle. In particular, for a rotating black hole, an observer placed at a position other than in the polar direction witness a off-center displacement in the shadow along the direction of black hole rotation, furthermore, for sufficiently large value of spin parameter a dent appears on the shadow edge. This distortion in shadow can be accounted as a manifestation of the Lense-Thirring effect. Hioki and Maeda [23] led the study to characterize this distortion by means of two observables namely R s and δ s . These observables characterize the size and shape of shadow and have been extensively used for large number of black holes. The shadow is approximated with a circle passing through three points located at top, bottom and right side of shadow, such that R s is the radius of this circle and δ s is the deviation of left points of shadow from circle boundary. In the subsequent studies it was found that their applicability is limited to a specific class of shadows demanding some symmetries in their shape, and may not work well for black hole in complex theories of gravity [26] . Later on, some other observables were also introduced and used to characterize the shadow [24] [25] [26] [32] [33] [34] [35] . Considering a shadow of arbitrary shape and size, we proposed the observables, namely area A, circumference C, and oblateness D of the shadow.
As already stated in earlier section, shadow is the parametric curve between α and β as a function of r p ranging from r − p ≤ r p ≤ r + p i.e., plot β(r p ) vs α(r p ). Therefore, the area enclosed by black hole shadow can be defined by
whereas, the circumference of shadow is defined by
The prefactor-2 is due to the fact that rotating black hole shadow is generically symmetric along the axes perpendicular to the rotational axes viz, shadow is symmetric along α−axes.
We can also characterize the shadow of rotating black hole through its oblatenes [24, 36, 37] by defining the parameter D as the ratio of horizontal diameter and vertical diameter as
The subscript r, l, t, and b respectively denote right, left, top, and bottom. For spherically symmetric black hole shadow d = 1, whilst for a Kerr shadows √ 3/2 ≤ D ≤ 1. Therefore, oblateness parameter can be identified as the measure of distortion in shadow viz, more the value of D is away from 1 more the shadow distorted. We must notice, the definition of these observables require neither any non-trivial symmetry in shadow shape nor any primary curve to approximate the shadow, and hence are valid for any general black hole shadow.
Without a priory, this can be expected that an observer targeting the black hole shadow through astronomical observations can measure the area, length of shadow silhouette, and also horizontal and vertical diameters. Therefore, having the precise knowledge of these primary features of shadow is sufficient to uniquely determine the black hole parameters.
With the intent of making acquaintance with these observables we will discuss some wellknown black hole shadows.
A. Kerr black hole
Kerr black hole is the paradigmatic solution of Einstein GR and also one of the mostly studied vacuum solution due to its established astrophysical relevance by uniqueness theorem [38] . The photon geodesic around Kerr black hole has been studied long back by Bardeen in 1973 [6] and since then by many others also. The value of radial effective potential has the following form
which gives the following solution for celestial coordinates α and β for shadow silhouette
The contour of the following equation in (α, β) plane traces the shadow silhouette of the Kerr black hole
which retain the value for Schwarzschild black hole in the limit a = 0 and r p = 3M as follow
The spherically symmetric Schwarzschild black hole cast a perfect circular shadow which is also apparent from Eq. (20) , whereas, the Kerr-like shadow appears as a distorted disk [6, 28] . This distortion appears as a dent on the left side of shadow, which is primarily a manifestation of black hole spin and related to the differences in the effective potential for co-rotating and counter-rotating photons [39] . It is found that this dent reduces as observer moves from the equatorial plane to the axis of black hole symmetry, and eventually disappear completely for θ = 0. In Fig. 2 , we plotted the calculated area A, circumference C, and oblateness parameter D of shadow with varying spin parameter. This is clearly evident from figure that value of these observables decrease with increasing a, and a rapid fall can be noticed beyond a ≈ 0.5. The increasing distortion in shadow is causing these decrements. Since, the Kerr black holes have two parameters associated with them mass M and spin a, however, presuming the knowledge of mass through the stellar motion around black hole, leads to the ambiguity only in the spin. From Fig. 2 , this is clear that with the knowledge of shadow observables A, C, and D, we can easily extract the precise value of spin. 
B. Kerr-Newman black hole
The apparent shape of Kerr-Newman black hole shadows were studied and plotted for different values of spin parameter a and charge Q in [9] . The value of radial effective potential has the following form
The celestial coordinates α and β delineating the shadow are given by
Contour of the following equation in (α, β) plane traces the shadow silhouette of the KerrNewman black hole
In Fig. 3 , we plotted the calculated area A, circumference C, and oblateness parameter D of shadow with varying Q for different values of a. In Ref. [9] it was shown that the presence of electric charge decrease the size of apparent shadow, which is also clearly evident from Fig. 3 that the values of these observables decrease with increasing Q. For non-rotating charged black hole, shadow is spherically symmetric for arbitrary value of Q, i.e., 0 ≤ Q ≤ 1, which leads to D = 1. However, for rotating black holes, shadow possess a distortion which further increases with increasing Q or a, this increasing distortion in shadow is causing these decrements in values of A, C, and D. Since the charged black holes have not been completely ruled out by astrophysical observations, therefore, it is relevant to examine the possibility of extracting the black hole parameters through its shadow analysis. Kerr-Newman black hole have two associated parameters spin a and charge Q apart from mass M which can be fixed through other observations. This require atleast two independent shadow observables for spin and charge estimation. In Fig. 4 , we make a contour plot of A and Q in the (a, Q) plane. The point of intersection of constant A and D curves impart the unique values of black hole spin and charge.
C. Rotating Bardeen black hole
James Bardeen proposed the first ever regular black hole solution, widely known as
Bardeen black hole [40] , which are deprived of curvature singularity at the center. Later on, Ayon-Beato and Garcia explicitly showed that this metric can be interpreted as the solution of Einstein equation coupled to the nonlinear electrodynamics with a magnetic charge [41] , meanwhile, in a recent work, Bardeen's regular model is also re-interpreted as the solution of Einstein equation with an electric source [42] . This black hole solution is parameterized by two parameters spin a and magnetic charge g, and always been a topic of great attention.
The detailed study of geodesics motion around rotating Bardeen black hole have been made in Ref. [43] , whereas the shadow of these black hole and the impact of magnetic charge g on it is reported in [13] . It is found that the presence of magnetic charge g decreases the size of shadow whereas, increases the distortion. The radial effective potential has the following form
which for the unstable photon orbits gives the following solution for celestial coordinates α and β
For non-rotating Bardeen black hole, shadow silhouette is described by the following equation
From Fig. 5 this is evident that area, circumference and oblateness all decrease with increasing g or a. The area of dark region covered by shadow as well as its silhouette length monotonically decreases in a similar fashion with increasing g, while keeping a fixed.
For a particular value of a, the shadow of rotating Bardeen black hole is more distorted than corresponding Kerr black hole, i.e., D(g = 0) < D(g = 0). The cosmic censorship conjecture prevent the formation of naked singularity, which put the upper bound on the allowed range of a and g. Shadow observables decrease comparatively faster with increasing g for large value of g than for small value. Rotating Bardeen black hole has two parameters a and g, therefore their estimation require at least two shadow observables. Indeed, precise enough measurement of shadow observables could served to estimate both the spin a and charge g. In order to extract these parameter we plotted the contour curves of constant area A and oblateness parameter D in the plane (a, g) in 
D. Rotating Rastall black hole
Rastall theory of modified gravity is solely based on the non-conservation of energy momentum tensor in curved spacetime [44] . In recent past this non-conservative theory of gravity grabbed a great attention and several work devoted to this can be found in literature. The static black hole solution in this theory was obtained in [45] , later on the rotating black hole solution were also reported [46, 47] . In Ref. [48] the shadow of rotating Rastall black hole surrounded by a perfect fluid, namely quintessence field is studied. Due to the presence of cosmological horizon, the static observer is considered within the range of outer communication i.e., between the event and cosmological horizon. It was shown that the size of rotating Rastall black hole shadow decreases monotonically with increasing field parameter N s or Rastall coupling parameter ψ. However, for higher values of N s , the shadow observed by an observer at position r O , becomes apparently more symmetric with increasing
Rastall coupling parameter ψ. The radial potential is related to the function R(r) given as
Here, ζ = (1 − 3ω s )/(1 − 3ψ(1 + ω s )), with ω s as the equation of state parameter for the surrounding field.
Solving Eq. (27) for photon unstable orbits leads to the locus of critical impact parameters ξ and η [48] ξ = 1
where σ = 3ψ(1 + ω s ) − 1. Shadow is visualized as a parametric plot between X and Y , which reads as
The celestial coordinates Φ and Ψ are related to the coordinates of projected two-dimensional plane as
Accordingly, the area and circumference enclosed by Rastall black hole shadow can be defined by The area, circumference and oblateness parameter for Rastall black hole shadow is plotted in Fig. 7 for an observer placed at r O = 6M at equatorial plane. At first, we can easily see that the size of shadow decreases with increasing Rastall coupling parameter ψ while keeping the other parameters fixed. The area and circumference of black hole decrease more rapidly with increasing ψ for small value of spin parameter. Rastall parameter plays significantly opposite role in distortion of shadow as it make the shadow more symmetric along rotational axis [48] viz. the value of oblateness parameter increases with ψ. In Fig. 8 , 
E. Rotating nonsingular black hole
With the advent of regular black hole model by Bardeen, other regular black holes solutions were also start getting studied widely. One of the rotating non-singular black hole solution was reported in [49] , later on geodesics motion and shadow were also studied [50] .
The value of radial effective potential has the following form
which gives the following solution for celestial coordinates α and β
for a = 0, the shadow is determine through
The behavior of observables A, C, D with varying k for different values of a are shown in 45 .3263 For a = 0, major and minor angular diameters are same viz., ϑ M = ϑ m = 52.3383, also the major angular size is independent of black hole spin. Solid angular size Ω is in units of 10 −3 µas 2 whereas major and minor angular size have units µas.
IV. CONCLUSION
In our study we have shown that the black hole spacetime parameters can be easily obtained from the geometrical properties of its shadow. Namely, knowing the area covered by the dark region of shadow, its silhouette length and ratio of its horizontal and vertical diameters are sufficient to exactly determine the spacetime parameters. Furthermore, for the sake of examples we discuss the cases of Kerr, Kerr-Newman, rotating Bardeen, rotating
Rastall and rotating non-singular black holes shadows. Though, each independent observable can at best determine only one parameter, a set of observables can uniquely determine the all parameters of spacetime. The advantage of these observables can be noticed from the fact that in these calculation we do not require any non-trivial symmetry in the shadow shape, therefore, they will be valid for shadow of any general shape and size, and also we no longer require a reference circle to characterize them.
The area and circumference observable gives an insight about size of shadow, whereas oblateness is related to its shape. In particular, as the shadow is more distorted from perfect circle, its oblateness parameter is more deviated from 1. 
